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In the context of the Minimal Geometric Deformation method, in this paper we implement the
inverse problem in a black hole scenario. In order to deal with an anisotropic polytropic black hole so-
lution of the Einstein field equations with cosmological constant, the deformation method is slightly
extended. After obtaining the isotropic sector and the decoupler for an anisotropic (A-)dS poly-
tropic black hole solution, we emphasize a possible relation between anisotropization/isotropization
and the violation of the energy conditions.
I. INTRODUCTION
In recent years, the use of the Minimal Geometric Defor-
mation (MGD) [1–32, 35] as a systematic and powerful
method to obtain new and relevant solutions of the Ein-
stein field equations, has considerable increased [18, 22–
27, 30, 32–34]. For example, the method has allowed to
induce local anisotropies in spherically symmetric sys-
tems leading to both more realistic interior solutions of
compact objects [25, 26] and hairy black holes [24]. More
recently, the method has been extended to solve the in-
verse problem [32], namely, given any anisotropic solution
of the Einstein field equations it is possible to recover the
isotropic source and the decoupler matter content which,
after gravitational interaction, led to the anisotropic con-
figuration. In that work, it was found that, for a simple
anisotropic solution violating all the energy conditions,
the free parameters involved in the MGD can be fitted
in such a manner that both the isotropic source and the
matter decoupler content satisfy all the energy condi-
tions. The importance of this result lies in the fact that
the inverse problem allowed to interpret the MGD as
some kind of mechanism which leads to the apparition
of exotic matter after gravitational interaction of well
behaved matter content.
In the same spirit of Ref [32], it could be interesting to
explore if the same duality exotic/non–exotic matter con-
tent occurs in other scenarios after the application of the
inverse MGD problem. To be more precise, we could
study if such a duality persists in situations where the
starting point is a solution sourced by a matter content
satisfying all the energy conditions. In order to do so, in
this work we implement the inverse problem program in
a polytropic black hole (BH) originally studied in refer-
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ence [36] and extended to the scale–dependent scenario
in reference [37]. As it will be shown in the rest of the
manuscript, the choice of such a system is twofold: first,
to extend the MGD in order to deal with Einstein field
equations with cosmological constant and, second, to im-
plement the inverse problem in an anisotropic system
which satisfies all the energy conditions.
This work is organized as follows. In the next section we
briefly review the MGD-decoupling method. In section
III we develop the method to obtain the generator of
any anisotropic solution of the Einstein Field Equations
and then we implement the method for a polytropic BH
solution in section IV. The last section is devoted to final
comments and conclusion.
II. EINSTEIN EQUATIONS WITH
COSMOLOGICAL CONSTANT AND EXTENDED
MGD–DECOUPLING
With the purpose to extend the MGD in order to consider
the Einstein field equations with cosmological constant,
we write
Rµν − 1
2
Rgµν + Λgµν = −κ2T totµν , (1)
and we assume that the total energy-momentum tensor
is given by
T (tot)µν = T
(m)
µν + αθµν , (2)
where α is a constant. As usual, the energy–momentum
tensor for a perfect fluid T
µ(m)
ν = diag(−ρ, p, p, p) and
the decoupler matter content θµν interact only gravita-
tionally,
∇µTµ(m)ν = ∇µθµν = 0. (3)
In what follows, we shall work with spherically symmetric
space–times with a line element parametrized as
ds2 = eνdt2 − eλdr2 − r2dΩ2, (4)
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2where ν and λ are functions of the radial coordinate r
only. Considering Eq. (4) as a solution of the Einstein
Field Equations, we obtain
κ2ρ˜ =
e−λ (rλ′ − 1)
r2
+
Λr2 + 1
r2
(5)
κ2p˜r =
e−λ (rν′ + 1)
r2
− 1
r2
− Λ (6)
κ2p˜⊥ = −Λ− e
−λ ((rν′ + 2) (λ′ − ν′)− 2rν′′)
4r
(7)
where the prime denotes derivation with respect to the
radial coordinate and we have defined
ρ˜ = ρ+ αθ00 (8)
p˜r = p− αθ11 (9)
p˜⊥ = p− αθ22. (10)
The next step consists in decoupling the Einstein Field
Equations (5), (6) and (7) by performing
e−λ = µ+ αf, (11)
where f is the geometric deformation undergone by the
radial metric component µ, “controlled” by the free pa-
rameter α. By doing so, we obtain two sets of differential
equations: one describing an isotropic system sourced by
the conserved energy–momentum tensor of a perfect fluid
T
µ(m)
ν an the other set corresponding to quasi–Einstein
Field Equations sourced by θµν . After taking into ac-
count that the cosmological constant can be interpreted
as some kind of isotropic fluid, we include the Λ–term in
the isotropic sector and we obtain
κ2ρ =
Λr2 − rµ′ − µ+ 1
r2
(12)
κ2p =
−Λr2 + rµ(r)ν′ + µ− 1
r2
(13)
κ2p =
2µ′ + 2rµν′′ + rµν′2 + 2µν′
4r
+
+
µ′ν′
4
+ Λ, (14)
for the perfect fluid and
κ2θ00 = −
rf ′ + f
r2
(15)
κ2θ11 = −
rfν′ + f
r2
(16)
κ2θ22 = −
f ′ (rν′ + 2) + f
(
2rν′′ + rν′2 + 2ν′
)
4r
, (17)
for the anisotropic system [42]. We would like to empha-
size that that the addition of the cosmological constant
only affects the isotropic sector because Eqs. (15), (16)
and (17) remain unchanged. At this point, we are ready
to implement the inverse problem program.
III. MGD-DECOUPLING: THE INVERSE
PROBLEM
In a previous work [32], the inverse MGD problem was
solved after realizing that, given any anisotropic solution
with metric functions {ν, λ}, matter content {ρ˜, p˜r, p˜⊥}
and definitions given by Eqs. (8), (9) and (10), the fol-
lowing constraint must be satisfied:
p˜⊥ − p˜r = −α(θ22 − θ11). (18)
It should be noted that the above constraint allows us
to obtain a differential equation for the decoupling func-
tion f in terms of well known quantities of anisotropic
solution. To be more precise, with this constraint we
do not need any artificial equation of state for the θ’s
components. It is worth mentioning that, in the case of
Einstein equations with cosmological constant, the pre-
vious constraint leads to the same result obtained in Ref.
[32] because there is no contribution of Λ. More precisely,
after subtracting Eqs. (9) and (10), the cosmological con-
stant disappears and the solution remains the same. In
this sense, the combination of Eqs. (16) and (17) with
the constraint (18) leads to a differential equation for the
decoupling function f given by
f ′ −F1f = F2, (19)
where we have introduced the auxiliary functions F1 and
F2 as
F1 = 4− r (2rν
′′ + ν′ (rν′ − 2))
r (rν′ + 2)
(20)
F2 = e
−λ (r (−λ′ (rν′ + 2) + 2rν′′ + ν′ (rν′ − 2))
αr (rν′ + 2)
+
4e−λ
(
eλ − 1))
αr (rν′ + 2)
. (21)
From Eq. (19), it is straightforward to derive that the
deformation function, f , is given by
f(r) = e
∫ r F1 du ∫ r F2e− ∫w F1 du dw. (22)
The next step consists in obtaining the metric function,
µ, by replacing Eq. (22) in the geometric deformation
relation (11). We obtain
µ = e−λ − αe
∫ r F1 du ∫ r F2e− ∫w F2 du dw. (23)
Now, from Eqs. (12), (13) and (14), the matter content
for the isotropic system reads
ρ = Λ + G1 + αG2e
∫ r F1 du ∫ r F2e− ∫w F1 du dw (24)
p = −Λ + G3 − αG4e
∫ r F1du ∫ r F2e− ∫w F1dudw. (25)
3where we have introduced four additional auxiliary func-
tions as
G1 =
re−λ
((
eλ − 3) ν′ + 2rν′′ + rν′2)
8pir2 (rν′ + 2)
+
6e−λ
(
eλ − 1)
8pir2 (rν′ + 2)
(26)
G2 = 6− r (2rν
′′ + ν′ (rν′ − 3))
8pir2 (rν′ + 2)
(27)
G3 =
e−λ
(−eλ + rν′ + 1)
8pir2
(28)
G4 = rν
′ + 1
8pir2
. (29)
To determine the decoupler matter content we simply
replace Eqs (22) and (23) in (15), (16) and (17) to ob-
tain
θ00 = −
(rF1 + 1)e
∫ r F1 du ∫ r F2e− ∫w F1 du dw
r2
+
F2
r
(30)
θ11 = −
H1e
∫ r F1 du (∫ r F2e− ∫w F1 du dw)
r2
(31)
θ22 = −
e
∫ r F1 du (∫ r F2e− ∫w F1 du dw)
4r
+
F2 (H1 + 1)
4r
, (32)
where
H1 = 1 + rν′ (33)
H2 = ((rν′ + 2) (F1 + ν′(r)) + 2rν′′(r)) . (34)
At this point some comments are in order. First, note
that the cosmological constant affects only the isotropic
sector, as previouly said, whereas the anisotropic one re-
mains unchanged with respect to the reported in Ref.
[32]. Second, as reported in Ref. [32], Eqs. (23),
(24) and (25) determine the isotropic generator {µ, ρ, p}
and Eqs. (30), (31) and (32) determine the decoupler
matter content {θ00, θ11, θ22} once any anisotropic solution
{ν, λ, ρ˜, p˜r, p˜⊥} is provided.
In the next section, we shall briefly review the mains
aspects of the polytropic BH reported in reference [36]
and then we shall implement the method to obtain its
isotropic generator and decoupler matter content.
IV. ISOTROPIC SECTOR OF A POLYTROPIC
BH SOLUTION
Let us start this section sumarizing the main results ob-
tained in Ref. [36]. The line element is parametrized
as
ds2 =
(
r2
L2
− 2M
r
)
dt2 −
(
r2
L2
− 2M
r
)−1
dr2 − r2dΩ2,
(35)
with L2 = −3/Λ. Imposing this metric as a solution of
the Einstein field equations with cosmological constant
(see Eq. (1)) with Tµν = diag(−ρ˜, p˜r, p˜⊥, p˜⊥) it is ob-
tained that
ρ˜ = −p˜r = 1
8pir2
, (36)
p˜⊥ = p˜⊥ = 0. (37)
It is remarkable that Tµν fulfils all the energy condi-
tions
ρ˜ ≥ 0, ρ˜+ p˜i ≥ 0, (38)
ρ˜+
∑
i
p˜i ≥ 0, ρ˜+ p˜i ≥ 0, (39)
ρ˜ ≥ |p˜i|, (40)
which are referred as the weak, strong and dominant en-
ergy conditions, respectively. It is worth mentioning that
the solution is singular at r = 0 and has both a Killing
and a causal horizon located at r = 21/3M1/3L2/3.
In what follows, we shall implement the inverse problem
protocol to obtain the isotropic generator and the de-
coupler matter content associated to this polytropic BH
solution. From Eq. (22), the decoupling function, f ,
reads
f(r) = eν
((
24/3L2/3
) (
2
√
3 tan−1A+ logB
)
3αM2/3
+ 6c1
)
(41)
where
A :=
2 3
√
2r√
3
3
√
L2M
+
1√
3
(42)
B :=
(
2Mr3
L2
)1/3
+
(
2r3
L2
)2/3
+M2/3
3
(
3
√
M − 3√2 3
√
r3
L2
)2 (43)
eν =
2M
r
− r
2
L2
(44)
Replacing Eq. (41) in the decoupling equation, e−λ =
µ + αf , we obtain an expression for the metric function
µ :
µ = −
(
2L2M − r3) (2 22/3√3 tan−1(A) + 22/3 log(B))
6r (L2M)
2/3
−3 (3αc1 − 2)
(
2L2M − r3)
6L2r
. (45)
4Using the above result in Eqs. (24) and (25), the isotropic
fluid reads
ρ =
12r3
L2 − 15M
8pir2
(
6r3
L2 − 3M
) + 9αc1C (M
L
)2/3
+ C
(
2 22/3
√
3 tan−1(A) + 22/3 log(B)
)
(46)
p =
2
√
3 tan−1(A) + log(B)
3
√
28pi (L2M)
2/3
+
9αc1r
2
16piL2r2
− 1
8pir2
(47)
where
C :=
9
(
M − 2r3L2
)
48pi(LM)2/3
(
6r3
L2 − 3M
) (48)
At this point some comments are in order. First, the
horizon of the solution is located at
rH =
3
√
2L2/3
3
√
M, (49)
which coincides with that of the anisotropic solution of
Eq. (35). We think this is remarkable: starting from
an isotropic solution with an event horizon, one can
form, following the MGD, the anisotropic extension of
the BH but mantaining the location of the horizon. In
this sense, the entropy of both anisotropic and isotropic
BHs are indistinguishable . Second, a critical radius ap-
pears at
rc =
L2/3 3
√
M
3
√
2
, (50)
where the solution diverges. Even more, an analysis of
the curvature scalar, which is given by
R = −12αc1 − 6r
L2M − 2r3 +
12
L2
− 8
r2
(51)
+2
22/3
(
2
√
3 tan−1(A) + log(B)
)
L4/3M2/3
, (52)
reveals that this critical radius is a real singularity. It is
worth noticing that, the location of rc is independent of
the free parameters of the theory unlike the obtained in
[24] and, in this sense, we can not control its location.
However, the critical radius is less than the horizon ra-
dius which implies that the singularity is hidden inside
the BH horizon. Third, the energy density reach a max-
imum at rM =
3
√
3
√
5
2L
2M + 5L2M and its asymptotic
behaviour is given by
lim
r→rc
ρ→ −∞
lim
r→∞ ρ =
1
16
(
6c1α
pi
− 2
2/3
√
3
L4/3M2/3
− 6
piL2
)
and at the horizon
ρ(rH) =
−9.49286L2/3 + 6c1αL2M2/3 − 6M2/3
16piL2M2/3
.
At this point a couple of comments are in order. First,
note that near the critical radius, the apparition of exotic
matter is unavoidable. Second, as far as r → ∞ the
choice of the free parameters leads to a negative, positive
or even vanishing energy density. Even more, given that
ρ is a continuous function that reaches a maximum at
rM , the energy density profile could be endowed with
one, two or with no real roots at all. It is worth noticing
that when no real roots appear, the exotic behaviour is
present in all the space–time. When two real roots are
allowed, two exotic sectors appear, one near the critical
point and the other for some r > rc. Finally, for only
one real root, the apparition of the exotic matter can be
minimized. Specifically, one condition for the apparition
of only one real root leads to
c1α =
6M2/3 + 9.49286L2/3
6L2M2/3
, (53)
which implies that the root is located at the horizon, i.
e.,
ρ(rH) = 0 (54)
For this value fo c1α, the energy density reach a positive
value at infinity given by
ρ ≈ 0.0170132
L4/3M2/3
In Fig. (1) we show the behaviour of the energy density
(blue line) and the pressure (orange line) for r > rH ,
c1α =
6M2/3+9.49286L2/3
6L2M2/3
and M = L = 1, revealing that,
for r > rH , all the energy conditions are satisfied.
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FIG. 1: Energy density (blue line) and pressure (orange line)
profile for L = 1
The results obtained so far could be interpreted as fol-
lows. The isotropic sector of the polytropic BH reported
in [36] corresponds to a BH solution hiding exotic matter
in its interior. What is more, the new isotropic BH solu-
tion obtained in this work could be thought as the rem-
nant of a gravitational collapse involving exotic matter
which is the responsible of sustain traversable wormholes
[38–41].
5V. CONCLUSIONS
In this work we have extended the Minimal Geometric
Deformation approach when a cosmological constant is
present showing that, in this case, only the isotropic sec-
tor is modified. In particular, the inverse problem in
the context of polytropic black holes has been explored,
obtaining the isotropic sector from which an anisotropic
(A)–dS polytropic black hole is obtained. Moreover, the
isotropic sector contains a singularity which does not de-
pends on any of the free parameters of the deformation
approach. This singularity is hidden inside an event
horizon, which remarkably coincides with that of the
anisotropic black hole. Finally, we have noted that the
isotropic sector is deeply linked with the appearance of
exotic matter, although it can be located inside the hori-
zon. In this sense, this work shows a nice example of
how one could, in principle, control the energy condi-
tions by tuning the isotropy/anisotropy of a black hole
solution.
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